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Abstract

The implicit hitting set (IHS) approach offers a general
framework for solving computationally hard combinatorial
optimization problems declaratively. IHS iterates between a
decision oracle used for extracting sources of inconsistency
and an optimizer for computing so-called hitting sets (HSs)
over the accumulated sources of inconsistency. While the de-
cision oracle is language-specific, the optimizer is usually in-
stantiated through integer programming. We explore alterna-
tive algorithmic techniques for hitting set optimization based
on different ways of employing pseudo-Boolean (PB) reason-
ing as well as stochastic local search. We extensively evaluate
the practical feasibility of the alternatives in particular in the
context of pseudo-Boolean (0-1 IP) optimization as one of
the most recent instantiations of IHS. Highlighting a trade-
off between efficiency and reliability, while a commercial IP
solver turns out to remain the most effective way to instanti-
ate HS computations, it can cause correctness issues due to
numerical instability; in fact, we show that exact HS compu-
tations instantiated via PB reasoning can be made competitive
with a numerically exact IP solver. Furthermore, the use of PB
reasoning as a basis for HS computations allows for obtaining
certificates for the correctness of IHS computations, generally
applicable to any IHS instantiation in which reasoning in the
declarative language at hand can be captured in the PB-based
proof format we employ.

1 Introduction

The implicit hitting set (IHS) approach (Liffiton and
Sakallah 2008) offers a general framework for solv-
ing computationally hard combinatorial optimization prob-
lems declaratively. Successful practical instantiations of
IHS include solvers for maximum satisfiability (Davies
and Bacchus 2011, 2013a,b; Davies 2014; Saikko, Berg,
and Jarvisalo 2016), finite-domain constraint optimiza-
tion (Delisle and Bacchus 2013), answer set program-
ming (Saikko et al. 2018), and pseudo-Boolean optimiza-
tion (Smirnov, Berg, and Jérvisalo 2021, 2022), as well as
other computationally hard problems such as computing un-
satisfiable subsets of formulas (Ignatiev et al. 2015; Gamba,
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Bogaerts, and Guns 2023) and quantified Boolean formu-
las (Niskanen et al. 2022), propositional abduction (Ignatiev,
Morgado, and Marques-Silva 2016; Saikko, Wallner, and
Jarvisalo 2016), and computing optimal causal graphs (Hyt-
tinen, Saikko, and Jarvisalo 2017).

Constituting a hybrid approach, the IHS framework con-
sists of two main components: one for extracting sources
of inconsistency in the declarative specification at hand (re-
ferred to as core extraction, with cores being constraints rul-
ing out sources of inconsistency), and one for computing so-
called hitting sets over sources of inconsistency (the hitting
set optimizer). IHS iterates between these two components,
accumulating cores and computing hitting sets over the so-
far accumulated cores. The hitting set obtained from the op-
timizer is used to focus the core extraction step (which rea-
sons only on the original declarative specification) on find-
ing sources of inconsistency that eliminate the current best
candidate solution. In this way, the instance solved by the
hitting set optimizer keeps on growing as more and more
cores are extracted. The core extractor is implemented us-
ing a decision oracle specific to the declarative language at
hand. In contrast, the optimizer is quite standardly instanti-
ated through integer programming. Indeed, despite the fact
that there been has significant early work put into investigat-
ing effective ways of realizing the hitting set component in
IHS especially in the context of MaxSAT (Davies and Bac-
chus 2011, 2013a), the use of IP solvers remains largely the
main mechanism used in modern IHS implementations for
efficiency and for computing optimal solutions. Further im-
provements in the hitting set component are generally appli-
cable to IHS implementations.

In this work we explore alternative algorithmic techniques
for hitting set computations within IHS based, with the key
aim of realizing effective and trustworthy hitting set com-
putations. In terms of algorithmic alternatives to using IP
solvers, we explore different ways of employing pseudo-
Boolean (PB) reasoning (Roussel and Manquinho 2009) as
well as stochastic local search (Chu, Cai, and Luo 2023; Chu
et al. 2023) and their combinations together with IP solving.
In terms of trustworthiness, it should be noted that the hit-
ting set optimizers is in charge of ensuring that the objective
function at hand is considered exactly. While IP solvers re-



main today the de facto approach to hitting set optimization
within THS, they are known to sometimes suffer from nu-
merical instability, resulting in erroneous solutions (Cook
et al. 2013). While numerically exact implementations of
IP solvers exist (e.g., Eifler and Gleixner 2021; Cook et al.
2013), their performance remains today far from the effi-
ciency of IP solvers in their default settings without guaran-
tees on exactness.

The alternative hitting set computation approaches are ap-
plicable in general in different instantiations of the IHS ap-
proach, and—being based on exact reasoning—offer cor-
rectness guarantees. We extensively evaluate the practical
feasibility of the alternative algorithmic approaches to hit-
ting set optimization we propose in the context of pseudo-
Boolean (0-1 IP) optimization as one of the most recent
instantiations of IHS. Highlighting a trade-off between ef-
ficiency and reliability, while a commercial IP solver turns
out to remain the most effective way to instantiate hitting
computations in this setting, due to potential numerical in-
stability using an off-the-shelf IP solver as-is is not gener-
ally exact; in fact, we show that exact HS computations in-
stantiated via PB reasoning can be made competitive with
a numerically-exact IP solver. Furthermore, the use of PB
reasoning as a basis for hitting set computations allows for
obtaining certificates of correctness of IHS computations.
Indeed, while not yet generally adopted in IP solvers, the
idea that solvers should be certifying (as in not only pro-
duce an answer but also a certificate of correctness of this
answer), has slowly found its way from SAT solving to
richer paradigms such as SMT solving (Barbosa et al. 2022),
constraint programming (Gocht, McCreesh, and Nordstrom
2022; Flippo et al. 2024) and pseudo-Boolean optimization
(see, e.g., (Roussel 2024)). Building on this, one of the key
contributions of this paper is the development of the first cer-
tifying instantiation of a state-of-the-art IHS approach. To
achieve this, we build on the VeriPB proof format (Bogaerts
et al. 2023), which has recently been shown to be applica-
ble to a rich variety of MaxSAT algorithms (Vandesande,
De Wulf, and Bogaerts 2022; Berg et al. 2023, 2024; Jabs
et al. 2025; Vandesande, Coll, and Bogaerts 2026), with IHS
being the most important missing paradigm. Our results on
certifying ITHS are applicable to any IHS instantiation where
the reason of the decision oracle can be captured with PB-
based reasoning, and as such includes e.g. MaxSAT as well.

2 Preliminaries
2.1 Pseudo-Boolean Optimization

A literal { is a Boolean variable x or its negationz = 1 — «,
where variables take values O (false) or 1 (true). A pseudo-
Boolean (PB) constraint C is a 0-1 linear inequality
>-;a:ili > A, where a; and A are integers. Without loss of
generality, we often assume PB constraints to be in normal
form, meaning that the literals ¢; are over distinct variables,
each coefficient a; is positive and the degree (of falsity) A
is non-negative. A pseudo-Boolean formula F’ is a conjunc-
tion A j C; of PB constraints. When convenient, we view
F as a set of constraints. An objective O is an expression
>; wil; + Ib, where the coefficients w; and the constant [b

are integers ({b stands for “lower bound”: when the w; are
all possible, this constant term is indeed a lower bound on
the cost).

An assignment o« maps variables to either 0 or 1. The
assignment « satisfies a (normalized) PB constraint C' =
Yo.ail; > Aif Y .a;a(f;) > A and is a solution to a for-
mula F if it satisfies all of its constraints. The cost a(O) of
an assignment « under an objective O = >, w;{; + b is
>, wia(4;) + b (we assume without loss of generality that
all the w; are positive). An instance of the pseudo-Boolean
optimization problem is a tuple (F, O), where F' is a PB for-
mula and O an objective under minimization. The solutions
of (F, O) are the solutions of F'. A solution « is optimal if
a(0) < B(O) for each solution S of (F,O). The optimal
cost of (F, O) is a(O) for an optimal solution of (F, O).

Following (Smirnov, Berg, and Jérvisalo 2021), a con-
straint C'is a core of (F, O) if the following conditions hold:
(1) the literals in C are objective literals or their negations
and (ii) all assignments « that satisfy F' also satisfy C' (de-
noted by F' = C). In other words, a core is an implied con-
strai?t that only mentions variables occurring in the objec-
tive.

The following proposition forms the basis for how the IHS
approach to PBO employs cores to compute optimal solu-
tions.

Proposition 1 (e.g., Smirnov, Berg, and Jarvisalo 2021).
Let (F,O) be a PBO instance, aupes; an optimal solution to
(F,0), K a set of cores of (F, O), and ~y an optimal solution
to (K,0). Then v(0) < apest(O).

In words, Proposition 1 states that the cost of the opti-
mal (minimum-cost) solutions to any set of cores is a lower
bound on the optimal cost of the instance.

2.2 The Implicit Hitting Set Approach

Algorithm 1 details PBO-IHS, the implicit hitting set algo-
rithm for pseudo-Boolean optimization (Smirnov, Berg, and
Jarvisalo 2021, 2022). The high-level overview of this algo-
rithm (when ran on an instance (F, O)) is as follows. During
the execution, collect a set K of cores and repeatedly solve
the optimization problem (K, O). When solving this prob-
lem to optimality, Proposition 1 guarantees that we obtain a
lower bound on the optimal cost of (F, O). Based on the out-
come of such an optimization call, a decision oracle is then
called under a set of assumptions (literals that are given a
fixed value before search starts). As a result either a feasible
solution (giving us an upper bound on the optimal cost) or
a new core (that eliminates the previously found solution)
is obtained. The iterations between the optimizer and the
decision oracle are continued until the upper bound equals
the lower bound (which is guaranteed to happen at the latest
when all cores have been found).

In more detail, given a PBO instance (F, O), PBO-IHS
begins by checking the existence of solutions of (F,O) by
invoking PB decision procedure PB-Solve on F' (Line 2).
The call returns an indicator sat? for satisfiability and a solu-
tion avpest in the positive case. Given arpest, an upper bound

!See Section 2.3 for a historic explanation of this terminology.



—

PBO-IHS(F,O)

Input: A PBO instance (F,O)

Output: An optimal solution apest

(Qpest, sat?) < PB-Solve(F);

if not sat? then

\ return “no feasible solutions”;

ub <= Apest (0); 1 = —00; K < seed(F);

while TRUE do
(7,1b) < Solve-HS(K,O,1b, ub);
if ub = Ib then break;
(N,a) « Extract-Cores(y, F,0);
if 2(0) < ubthen ub < a(O); Qpest + ;
if ub = [b then break;
K+ K UWN;

return Qpeg;;

Algorithm 1: THS in the context of PBO.

e e NN NN R WN

=
W N =S

ub and a lower bound [b on the optimal cost of the instance
are initialized to apes: (O) and —oo, respectively, on Line 5.
During search, apes: Will always contain the currently best-
known solution which has the property that apes; (O) = ub.
A set IC of cores is initialized by seeding to be the set of all
constraints in F' that only mention objective literals. In other
words, all constraints in F' that are cores are immediately
added to K.

The main search loop (Lines 6-12) iterates until [b = ub,
at which point ays; is known to be optimal. Each itera-
tion begins with the hitting set! component of IHS, i.e., the
procedure Solve-HS computing a solution vy of the in-
stance (K, O) consisting of the cores found so far and the
objective (Line 7). The main focus in this work is on the
Solve-HS procedure: we will detail various instantiations
of Solve-HS in Section 3.

In addition to -, each call to Solve—-HS makes use of
Proposition 1 to return a lower bound /b on the optimal cost
of (F,0). As detailed in Section 3, the instantiations we
consider will return either the input parameter (b unchanged,
or the cost v(O) when ~ is known to be an optimal solu-
tion of (IC, O). In a textbook implementation of plain THS,
Solve-HS would always search for an optimal solution of
K with respect to O. However, to make IHS perform well
in practice, it is important to heuristically allow it to return
suboptimal solutions as well. To guarantee termination, the
heuristics must ensure a form of fairness: at any iteration
of search, an optimal solution must always be returned at
some later iteration. For more details and a formal proof of
correctness of Algorithm 1, we refer the reader to (Bacchus
et al. 2017).

Next, the procedure Ext ract—Cores is used to obtain
new cores. This is done by repeated invocations of a deci-
sion procedure for PB constraints of F' under a set of as-
sumptions A. This set of assumptions is initialized to the
solution 7y, meaning that first a solution of F' that extends -y
is sought for. If F' is unsatisfiable under A the decision ora-
cle uses standard conflict analysis methods to extract a new
core C of F that contradicts A (a core that is false whenever
all literals in A are true) and adds it to the set A/ of new

cores to be returned by Ext ract-Cores and added to
in Line 12 of Algorithm 1. Before the next call to the deci-
sion procedure, the set A is relaxed by the so-called weight-
aware core extraction (Berg and Jarvisalo 2017) heuristic
that—informally speaking—removes at least one of the lit-
erals in C' from the assumptions, thus preventing C' from be-
ing rediscovered in later iterations. The Extract-Cores
procedure terminates when the decision procedure provides
a solution o of F' A /\,c 4 ¢. In case this solution has a bet-
ter objective value than the currently stored best solution,
the best solution is updated and termination is checked on
Lines 10 and 11 of Algorithm 1.

2.3 A Remark on Terminology

Much of the terminology we use has a historic background,
dating back to IHS approaches to MaxSAT (Davies and Bac-
chus 2011).

Firstly, our definition of “unsatisfiable core” differs form
how the term is traditionally defined. Originally an “unsatis-
fiable core” was defined as a subset of the original formula
that is unsatisfiable. In the context of assumption-based SAT
solving (also employed for SAT-based optimization) fresh
variables are used to represent constraints in the input for-
mula and such a core became “a subset of the assumptions
that cannot jointly be set to a specific value” (or alternatively,
a clause over assumption variables learned by the solver). In
the PBO setting, this was then further generalized to be any
PB constraint over assumptions (objective variables) learned
by the PB solver (Smirnov, Berg, and Jirvisalo 2021).

Secondly, this paper is about the so-called implicit hitting
set approach. The notion of “hitting set” has as similar ori-
gin: when all cores are clauses over objective literals, the
problem solved by Solve-HS is actually a minimum-cost
hitting-set problem: in this case we search for a smallest-cost
set of objective literals that hits each clause. In our more gen-
eral PBO setting, however, Solve-HS itself needs to solve
a PBO instance, but with the special property that the con-
straints only mention variables occurring in the objective.

In this paper, we opted to keep the historic terminology,
even if it has become inaccurate due to the generality of the
problem at hand. We do so to make the relationship with pre-
vious work on IHS for PBO (Smirnov, Berg, and Jérvisalo
2021) as well as for other domains more clear.

3 Alternatives Approaches to Hitting Set
Computations

We now turn to investigating various alternative instanti-
ations of the hitting set component (i.e., the Solve—HS
procedure) for computing optimal solutions to (XC, O). Cur-
rently efficient instantiations of Solve—HS relatively stan-
dardly make use of a commercial IP solver and floating-
point computations. This holds true for the current state-of-
the-art PBO-IHS solver, implementing IHS for PBO, as well
as state-of-the-art IHS implementations for other declarative
paradigms (Smirnov, Berg, and Jarvisalo 2021, 2022; Davies
and Bacchus 2013a; Delisle and Bacchus 2013; Saikko et al.
2018; Gamba, Bogaerts, and Guns 2023; Saikko, Wallner,
and Jarvisalo 2016; Hyttinen, Saikko, and Jirvisalo 2017).



1 Solve-HS(K,O,lb,ub)

2 if use-sls () then

3 7 < Core-SLS(K, O)

4 if v(O) < ub then

5 | return (v,1b)

6 opt? < optimal-sol()

7 v + Optimize(K, O, ub,opt?);

8 if v(O) = ub or opt? then return (v,v(0)) ;

9 else return (v, [b);

Algorithm 2: General view on the hitting set compo-
nent, i.e., computing solutions to the cores extracted so
far.

While numerically-stable IP solvers are available today,
most IP solvers in their default settings employ floating-
point computations for practical efficiency, essentially giv-
ing up guarantees on finding optimal solutions. This can
and has caused intrinsic problems in terms of correctness
of IHS. Towards even higher levels of correctness guaran-
tees, verifiable proofs of optimality would be ideal. With
these motivations, we explore alternative instantiations of
Solve-HS based on recent developments in conflict-driven
pseudo-Boolean solvers (Devriendt et al. 2021; Devriendt,
Gleixner, and Nordstrom 2021) that allow producing certifi-
cates of correctness of the computations of Algorithm 1, as
well as various ways of combining them within the hitting
set component with IP solving and stochastic local search
(SLS).

3.1 A General View on Hitting Set Solving

Algorithm 2 details a generalized abstraction of the
Solve-HS procedure (the hitting set component), allow-
ing for different ways of combining IP solving, conflict-
driven pseudo-Boolean solving, and stochastic local search.
PBO-IHS (Algorithm 1) is tasked with computing an
optimal solution to an instance (F,0). It will invoke
Solve-HS with the set K of cores extracted so far, the ob-
jective O, and the current upper and lower bound (ub, Ib) on
the optimal cost of (F, O).

First Solve-HS invokes use-sls, a user-specified
heuristic for determining whether SLS should be invoked on
Line 2. If the solution y that SLS returns has a cost lower
than the current upper bound ub, Solve—HS terminates on
Line 5. Otherwise, the subroutine Opt imi ze is invoked on
Line 7 and tasked to either compute a solution « of (K, O)
that has y(O) < ub, or (if no such solutions exist) an optimal
solution 7 of (1C, O). Since the current best solution cvps¢ of
(F, O) maintained by PBO-IHS has apes:(O) = ub and is
also a solution of (K, O), an alternative view on Opt imize
is that of either finding a solution of (/C, O) of cost lower
than ub or determining that such a solution does not exist.
As an additional heuristic, we allow forcing Optimize to
compute an optimal solution to (C, O), essentially forcing
an improvement to the lower bound. More specifically, the
user-specified heuristic opt imal-sol invoked on Line 6
returns true if Opt imize is only allowed to terminate with
an optimal solution to (K, O).

Before terminating, So1lve—HS checks whether the lower

bound can be improved to v(O) on Line 8. This can happen
if either Opt imize was forced to compute an optimal solu-
tion or if it was unable to find a solution that has a cost lower
than ub. Otherwise, the procedure terminates and returns y
and the input bound /b on Line 9.

Next, we detail different instantiations of Opt imi ze that
we consider as well as integration of local search for poten-
tial practical runtime improvements. Our general view on
computing hitting sets allows for combining these instantia-
tions in various different ways.

Optimize using an IP Solver. The arguably most com-
monly used instantiation of Opt imize invokes a commer-
cial IP solver on (KC,0). We consider two variants of IP
solving for instantiating Opt imize. The first variant em-
ploys fast floating-point arithmetic in its computation. These
are arguably among the most efficient methods of computing
solutions (X, O), and most state-of-the-art THS approaches
instantiate Solve—-HS with a floating-point IP solver. One
disadvantage of such solvers, however, is that there have
been repeated reports of such solvers outputting faulty so-
lutions (Cook et al. 2013), preventing their use in applica-
tions that require trust in the results. Thus, we also consider
exact IP solving, i.e., IP solving methods that employ ex-
act arithmetic to circumvent issues related to floating point
precision and rounding errors (Cook et al. 2013; Eifler and
Gleixner 2023). This increased reliability of the results does,
however, come at a cost in terms of computational efficiency.
Recent computational studies (Eifler and Gleixner 2023) re-
port slowdowns of a factor 8.1 when comparing a state-of-
the-art exact IP solver to its floating point counterpart.

Optimize using Conflict-Driven PB Optimization.
Complementing the branch & cut search commonly em-
ployed in IP solvers, we also consider harnessing recent
developments in native pseudo-Boolean optimization pro-
cedures that reduce the problem of computing an optimal
solution of (C,0) into a sequence of decision problems.
The decision problems are tackled with a decision proce-
dure similar to the one employed within Algorithm 1 to ex-
tract cores (Devriendt et al. 2021; Devriendt, Gleixner, and
Nordstrom 2021). More specifically, we consider three dif-
ferent variants of pseudo-Boolean optimization algorithms
for computing an optimal solution to (C,O): solution-
improving search (SIS), core-guided search (CG), and core-
boosted search (CB).

A SIS-based approach maintains an upper bound ub. on
the optimal cost of (1C, O), In the context of Solve—-HS, ub,.
is instantiated to the input upper bound ub. In each iteration,
the decision procedure is invoked on K A (O < ub,.), i.e.,
the cores in K and a solution-improving constraint (O <
ub.). If a solution exists, the returned solution -y will have
~v(0) < ub,, so the upper bound is updated, and the process
repeats. Otherwise (if the decision procedure reports unsatis-
fiable), the latest solution found is determined to be optimal
for (K, O).

One potential issue with this SIS-based approach is that
the constraints O < ub,. that are added to the solver are not
sound for future calls to this oracle. Indeed, when new cores
are learned, ub. might no longer be an upper bound on the



best objective value. As a consequence, a fresh instantiation
of the optimization solver needs to be created each time it
is called. To deal with this, we also consider a variant that
we call reified SIS. An incremental SIS approach adds the
reified solution-improving constraint

Tub, = (7(0) < ub,),
i.e., the linear inequality
— M7y, +7(0) < ub.

where 7., is a fresh variable and M is a large enough con-
stant, and invokes the decision procedure while assuming
r = 1. The benefit of relaxing the solution-improving con-
straint is that the decision procedure instantiation can be in-
crementally maintained between iterations of Solve-HS.
Not just the constraint itself, but also all constraints derived
from it will be reactivated in all future solve calls where a
bound of ub. or lower is enforced.

A core-guided approach (Devriendt et al. 2021) maintains
a reformulated objective O, initialized to O, and a set C of
additional constraints, initialized to (). In each iteration, the
decision procedure is queried for a solution of /U A C while
assuming all literals in OF to 0. More informally, the query
asks for a solution v of K A C that has v(O®) = 0. If a
solution exists, the obtained solution is an optimal solution
of (K, O) and the procedure terminates. Otherwise, the call
returns a new core falsified by the assumptions. Next, the
core-guided approach introduces new constraints to C and
reformulates O in a manner that resolves the inconsistency
represented by the core in a cost-minimal way. Informally
speaking, the invariant maintained by a core-guided search
is that optimal solutions of (K A C, O%) are optimal solu-
tions of (/C, O). Since the set /C of cores that we invoke core-
guided search on monotonically increases during search, the
state of the core-guided solver is maintained between invo-
cations. While such incremental invocations of core-guided
search prevent fixing any variables based on the bounds on
the optimal cost of (K, O), variables are still fixed based on
the bounds of the full instance (F,O). For a concrete ex-
ample, we fix the value of an objective literal ¢ that has a
constant larger than ub to 0 since any solution that assigns
¢ = 1 would incur a cost larger than ub

Finally, core-boosted search (Berg, Demirovic, and
Stuckey 2019) is a hybrid of core-guided and solution-
improving search that starts with core-guided search for
a user-specified number of iterations. After this, solution-
improving search is invoked on the final reformulated in-
stance (IC A C, OF) obtained from the core-guided search
phase.

It is important to note that SIS, CG and CB can each pro-
vide intermediate solutions that allow terminating search as
soon as a solution of cost lower than ub is found. Specif-
ically, the instantiation of core-guided search that we use
makes use of the so-called stratification heuristic (Ansétegui
et al. 2013) and weight-aware core extraction (Berg and
Jarvisalo 2017) that provide intermediate solutions, whereas
plain core-guided search does not find any intermediate so-
lutions before finding the first solution which is guaranteed
to be optimal.

3.2 Integrating Stochastic Local Search

Stochastic local search (SLS) is a lightweight heuristic ap-
proach to pseudo-Boolean optimization that quickly finds
low-cost solutions. In contrast to the approaches described
in Section 3.1, SLS alone can not give any guarantee on op-
timality of a solution and cannot therefore establish a lower
bound on its own. Hence an IHS approach with SLS integra-
tion in the hitting set component cannot terminate without
an instantiation of Optimize that can check whether the
solution found by SLS is optimal.

Our SLS component of hitting set computations (the
Core-SLS procedure in Algorithm 2) is designed to
achieve two desirable properties of SLS search in the context
of Solve—HS. First, the search should incur as little over-
head as possible to justify replacing calls to Opt imize that
can result in improved bounds on the optimal cost. Second,
the solutions found by SLS should, intuitively, be as helpful
as those found by Opt imize in guiding IHS search toward
an optimal solution of the full instance.

Our instantiation of Core-SLS is built on recent ad-
vances in SLS for pseudo-Boolean optimization (Chu et al.
2023) and adapts the NuPBO approach to the hitting set con-
text. NuPBO starts from a complete assignment that is not
necessarily a solution. In each iteration, the search flips the
value of one variable in the hopes of eventually finding a so-
lution. The choice of variable is based on a score that consid-
ers three aspects: (i) the contribution of the current variable
value to satisfying the cores, (ii) how much flipping the vari-
able value would contribute towards satisfying the cores, and
(ii1) how flipping the variable value would impact the cost of
the assignment.

In more detail, we design Core—SLS for incremental
calls, to run in conjunction with another instantiation of
Optimize, and to produce good solutions for core ex-
traction. Adapting the SLS approach to incremental calls is
straightforward, as we can keep the state from the previous
call and simply add the new constraints representing addi-
tional cores. Effectively, Core—SLS seeks to repair the pre-
vious solution to satisfy the new constraints. and (iii) how
flipping the variable value would impact the cost of the as-
signment.

The solution returned by Solve—HS is used to extract
the next set of cores. Thus it is important that the solutions
returned by Solve—HS are not only of low cost, but also
guide the THS solver towards an optimal solution. We incor-
porate this idea in our SLS integration by ensuring that the
solutions are diversified, i.e., that the subsequent solutions
returned by Solve—HS have a large Hamming-distance,
whenever possible. Hence, we split Core—SLS into two
phases: (i) we start from the previous solution and (ii) we
restart the search and start from the previous solution but
randomly flip a large number of variable values. Whenever
we find a solution in both phases, we prefer the one of lower
cost. In case of a tie, we prefer the solution from the second
phase to foster diversification. Further, Core—SLS’s pur-
pose is avoiding costly calls to the optimizer. Hence we skip
Core—SLS whenever we know from prior iterations that the
optimizer calls do not take longer than Core—-SLS calls.



4 Certified IHS Computations

We now turn to developing proofs, i.e., independently
checkable certificates of correctness of results, for the IHS
paradigm. We employ the VERIPB format as a general-
purpose proof format for pseudo-Boolean optimization,
combining implicational reasoning using cutting planes op-
erations (such as adding up two PB constraints) (Cook,
Coullard, and Turdn 1987) with well-chosen strengthening
rules that allow deriving non-implied constraints (Bogaerts
et al. 2023). For representational succinctness of the current
paper, details of the actual proof rules are not critical to spell
out, but it is relevant that the strengthening rules allow us to
derive fresh reification variables. In other words, if x is a
variable that does not yet appear in the proof and C' is a PB
constraint, we can always derive (one or both) two new PB
constraints z = C' and z < C that express that x is true
precisely when C' is satisfied. If C' is the normalized con-
straint ) _.a;{; > A, thenz = C and x < C are

AT + Zzalﬁl > A and
(Ziai — A+ l)x + Ziaizi > Zzaq —A+1,

respectively.

4.1 VeriPB Proofs for PRO-TIHS

Pseudo-Boolean solvers using solution-improving search
and core guided search have had support for VERIPB proof
logging for a while (see, e.g., the recent certifying track in
the PBO Competitions (Roussel 2024)). As such, a natural
idea toward obtaining uniform proofs for PBO-IHS is to in-
stantiate Solve—-HS with a PB-based approach and to com-
bine the proofs produced by the So1lve—HS subroutine with
the proofs produced by the Ext ract-Cores subroutine.
While the idea is conceptually simple, there are a number of
details that need to be considered. Due to space restrictions,
we do not go into detail about how the proof production for
the different components works. Instead, we discuss chal-
lenges in their integration and how they are addressed.

Constraint ID and Variable Management. With two dif-
ferent solvers co-producing parts of the proof, neither of the
solvers are fully aware of which constraints are derived in
the proofs and, in case they introduce new variables, which
variables are unused so far. To facilitate this, we developed
a general pseudo-Boolean proof logging API which both
solvers use and which is responsible for maintaining rel-
evant information, such as mappings from solver-specific
variables to their name used in the proof. We expect this API
to be useful more generally for future pseudo-Boolean proof
logging approaches as well.

Non-Reified Solution-Improving Constraints. Another
issue that needs to be addressed is that the optimizer uses
(Solve-HS) is not optimizing the original problem, but a
derived problem. When using a pseudo-Boolean optimizer
with proof logging, it will log solutions it finds and might
then use the associated solution-improving constraint ex-
presses that from now on we are only interested in better so-
lutions. Taking a holistic perspective, however, this solution-
improving constraint is not sound: the solution Solve-HS

finds is not a solution of the whole problem. We already
described in Section 3 two versions of integrating a SIS
solver (incremental and non-incremental). In the incremen-
tal case the solver does not introduce a proper solution-
improving constraint but a reified version thereof; this is
easy to deal with from a proof logging perspective. In the
non-incremental version, however, the solver is ran without
assumptions and restarted upon every call. In this case the
solver will be deriving those unsound solution-improving
constraints. Our solution for dealing with this is to allow for
a small discrepancy between the constraints the solver sees
and the constraints derived in the proof, ensuring that the
solution-improving constraint logged in the proof is indeed
reified.

Example 2. Assume that the objective at hand is 1 +2x4 +
3x3 and during an execution of Solve-HS we find a solu-
tion with x1 = x2 = 1 and x3 = 0. While this is a solution
of K, we do not know if this can be extended to a solution of
F'. Deriving the solution-improving constraint

T + 2x9 + 323 < 3 (1)
(which normalizes to T, + 2%2 + 3x3 > 4) 2)

in the proof would be unsound. In reified SIS this is not a
problem since this constraint is not learned unconditionally.
In regular SIS, however, when adding proof logging, we do
not wish to change the behaviour of the solver. To this end,
we add the above constraint to the solver but in the proof
instead derive the reification constraint

drs + 71 + 229 + 323 > 4 3)

Later on, whenever the solver uses constraint (2) for deriv-
ing new constraints internally, the proof will instead refer-
ence constraint (3), resulting in all derivations of it to be
conditional on r3. If it later turns out that there is solution
of cost 3 for the original PBO instance, we can derive with-
out loss of generality that r3 is indeed true.

4.2 Proofs and IP Instantiations of Solve-HS

To harness both the effectiveness of SLS and floating-
point IP solvers as well as proof-production capabilities
of pseudo-Boolean instantiations of Solve-HS, we out-
line hybrid instantiations of Opt imize that combine these
strengths. The intuition here is that no proofs are needed for
the calls to Solve—-HS that do not result in optimal solu-
tions of (K, O). The hybrid schemes we consider seek to
minimize the calls to the (less efficient) proof-producing op-
timizers, while still enabling proofs for the overall IHS al-
gorithm. More specifically, we consider the following hy-
bridizations of non-proof-producing (i.e., SLS or IP) instan-
tiations of Opt imize, and the proof-producing ones.

Verify optimal solution (OptLB). The first approach in-
vokes a proof-producing optimizer whenever the lower
bound would be increased to equal the upper bound, i.e.,
when an optimal solution to the overall instance has been
found. Intuitively, this represents the minimum amount of
exact computation in Solve—-HS needed to obtain a proof
of correctness for the overall IHS algorithm. However, no



guarantees on the intermediate lower bounds are obtained.
Additionally, re-invoking a proof-producing optimizer when
the LB would be increased might require some amount of
duplicate work in the optimizer recomputing a solution al-
ready found by the IP or SLS solver.

Verify all lower bounds (AIILB). The second approach
uses a proof-producing optimizer whenever the lower bound
would be refined, i.e., whenever the if statement on Line 8
of Algorithm 2 is true. Verifying all of the lower bounds
requires more (potentially duplicated) exact computation.
Nevertheless, this allows for generating proofs for more
search heuristics used by instantiations of IHS that we are
aware of.

Switch when forced lower bounds (ForceLLB). The pre-
vious two hybridizations possibly perform duplicate work
(asking a proof-producing optimizer to confirm all/some op-
timality claims of other optimizers), which might be unde-
sirable. In this third hybridization, we make an a priori dis-
tinction between calls for which optimality is required and
calls for which optimality is not required. Specifically, this
version uses proof-producing optimizers to only instantiate
the calls to Opt imize in which the parameter opt? is true.
The calls to Opt imi ze that are not required to find an op-
timal solution can be instantiated with non-proof producing
optimizers. This ensures that any calls to Solve-HS that
are required to find an optimal solution are indeed proof-
producing. In this setting, the case v(O) = wub of the if
statement on Line 8 that represents Opt imi ze returning an
optimal solution even when opt? is false, is not used since
non-proof-producing optimizers may make such calls.

5 Experiments

In our experiments, we evaluate the performance of the dif-
ferent instantiations of Opt imize as well as the overhead
caused by proof logging. First, we compare how different
solvers used as the single solver for Opt imize perform as
well as the hybrid configurations outlined in Section 4. Sec-
ond, we evaluate the benefits of integrating SLS. Finally, we
investigate the impact of proof logging on runtime perfor-
mance. All implementation code, together with run scripts
and raw data, can be found online (Thalainen et al. 2025).

Setup The experiments reported on were run on compute
nodes with two AMD EPYC 7513 CPUs, each with 64 cores
running at 2.6 GHz. We reduced runtime variance by reserv-
ing whole CPUs for our experiments and run 16 instances in
parallel on one CPU. Each run is limited to 14 GB memory
and 1 h runtime using runlim?, and each solver is executed
once on each instance.

Solvers All our implementation builds on the PBHS
solver.> We use Gurobi 11.0.3 and SCIP 9.2.3* (Bolusani
etal. 2024) as IP solvers. The latter offers an exact mode (see

Zhttps://github.com/arminbiere/runlim
3https://bitbucket.org/coreo-group/pbhs
*https://github.com/scipopt/scip (commit 3045£20)

Hybrid
Single AlILB ForceLB  OptLB
Solver # m # m # m # m
Gurobi 951 0.66 - - - - - -
SCIP 913 1.16 - - - - - -

Exact SCIP 762 2.10 - - - - - -

Core Guided 687 0.63 730 0.74 725 0.72 729 0.73
SIS Reified 651 1.52 654 141 648 1.59 704 1.22
SIS 672 0.79 684 0.86 697 0.88 696 0.80
SIS + CB 716 2.62 737 1.55 731 2.08 746 1.46

Table 1: Different instantiations of Optimize. Single
shows instantiations using only a single solver and Hybrid
shows instantations that combine an IP solver (Gurobi) with
a proof producing solver (Roundingsat). #: number of in-
stances solved, m: average memory usage in GB.

Section 3.1). Further, we use a modified version of Round-
ingsat® (Gocht and Nordstrom 2021; Bogaerts et al. 2023)
as the proof producing PB solver and VeriPB 2.2.2° to check
these proofs. Proof logging is enabled only for experiments
concerning proof logging.

Instances We evaluate the solvers on the same set of
1786 instances across tens of different benchmark do-
mains as used in the the original papers presenting
PBO-IHS (Smirnov, Berg, and Jarvisalo 2021, 2022);
see (Smirnov 2021) for details.

5.1 Impact of Hitting Set Oracles

In the first experiment, we use a single solver for the hitting
set computation in Optimize. Table 1 shows the results
for different solvers, split into IP solvers (top) and desig-
nated PB solving methods. These results show that the IP
solvers solve more instances. However, the difference be-
tween SCIP and Exact SCIP show that guaranteed optimality
causes a significant performance decrease. Indeed, the num-
ber of solved instances decreases by more than 15% while
the memory usage doubles.

As far as the dedicated PBO methods are concerned, first
we notice that the variant of solution-improving search with
reified solution-improving constraints appears to suffer from
too much memory usage and is outperformed by pure SIS.
This difference disappears when using the OptLB hybrid
strategy and the number of calls to the PBO oracle is signif-
icantly decreased. Over the line, we observe that the combi-
nation of solution-improving search with core-boosting out-
performs the SIS as well as the core-guided implementation.

The dedicated PBO methods solve fewer instances than
the IP solvers, but they do come with certification, motivat-
ing the hybrid approaches. The more we delay the call to
RoundingSat, the better the results: AIILB has the most over-
head and performs overall poorest, while OptLB requires the
fewest RoundingSat calls and performs best overall.

>https://gitlab.com/MIAOresearch/software/roundingsat (Com-
mit: ¢548e109)
Shttps://gitlab.com/MIAOresearch/software/VeriPB



5.2 Impact of Integrating Local Search

Secondly, we integrated Core—SLS (cf. Section 3.2) into
the single solver instantiations of Optimize and the best
hybrid approach OptLB. By Table 2, integration of SLS im-
proves the runtime performance of each of the instantiations.
We use two SLS configurations, one for SLS combined with
an IP solver and one for SLS combined with dedicated PBO
approaches. In the hybrid configuration, we use the SLS con-
figuration for IP. Integration of SLS consistently results in
more instances solved, decrease memory usage and improve
runtimes. This is most striking for Exact SCIP, for which
SLS gives the biggest gain in the number of solved instances,
also decreasing the memory consumption by almost 20%.
Interestingly, often large numbers of instances are solved ei-
ther with or without SLS but not both (Column d in Table 2).
However, when SLS does not find a sufficiently low-cost so-
lution it directly incurs a runtime overhead. Despite diver-
sification, SLS can get stuck in local optima and cannot es-
cape it without an optimizer. This suggests that improving
SLS heuristics further for the IHS use case has potential for
even further improvements.

In the hybrids, SLS can only replace IP solver calls due to
inexactness. Here, SLS contributions significantly decrease,
as the number of instances that SLS performs well on is bal-
anced with instances it does poorly on. It is unlikely that in-
stances the IP solver can only solve when SLS is used could
be solved by the dedicated PBO approach.

5.3 Proof Logging Overhead

We evaluate proof logging using the most performant proof-
producing variant, OptLB using SIS + CB. The proofs are
checked using VeriPB with a timelimit of 10 h. By proof
logging, we found several occasions where the IP solver
wrongly claimed optimality; Gurobi on four instances a total
of nine times, and four wrong results for Exact SCIP.

SIS + CB solved 746 instances without proof logging
and 741 with proof logging. The median runtime overhead
caused by proof logging is very low, 10.7%, while the over-
head at the 90th percentile is 100.0% (see Figure 1). Al-
though beyond the scope of this paper’s contributions, with

IHS + SLS OptLB + SLS
Solver # m d # m d
Gurobi +17 -0.02 31 - - -
SCIP +4  -0.14 18 - - _

Exact SCIP  +44 -0.48 58 - - -

Core Guided +41 +0.02 53 +11 -0.02 21
SIS Reified  +10 -0.06 52 +7 -0.04 31
SIS +13 +0.02 39 +7 -0.02 25
SIS + CB +19 -053 53 +3 -0.03 27

Table 2: Different instantiations of Optimize with and
without SLS. #: number of solved instances (#); m: average
memory usage in GB (positive numbers indicate an increase
with SLS); d: number of instances solved with or without
SLS but not by both configurations.
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Figure 1: Comparison of runtime with and without proof
logging. Times are in seconds.

the present version of the VeriPB proof checker, the me-
dian proof checking time is 588.0% of solving with proof
logging; 712 proofs could be checked with VeriPB with a
10 h time limit. We expect these numbers to decrease sig-
nificantly with on-going advances in VeriPB proof check-
ing (Oertel 2025) once extended to optimization.

6 Conclusion

The hitting set component in IHS is standardly realized us-
ing (typically commercial) IP solvers using floating-point
computations. Howver, this can lead to correctness issues
in practice due to numerical issues and at least at present
hinders gaining trustworthy IHS computations due to dif-
ficulties in uniformly certifying the computations of both
the core extraction and the hitting set components. With
these motivations, focusing on IHS for PBO as one of the
most recent successful IHS instantiations, we explored dif-
ferent combinations of recent advances in exact PB reason-
ing, local search and IP solving for instantiating the hitting
set component as potential means of gaining trustworthiness
to IHS computations, addressing both issues with numeri-
cal instability and the challenge of realizing certified IHS.
We extensively evaluate a wide range of different variants of
such combinations, and showed that by clever combinations
of IP solving, PB reasoning and local search, certified IHS
can be realized and uniform proofs obtained for IHS com-
putations while remaining reasonably performant, especially
when compared to employing numerically-exact IP solving.
The ideas presented are expected to be applicable to various
other IHS instantiations, such as state-of-the-art IHS-based
solvers for MaxSAT, which is a promising direction for fur-
ther work.
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