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—— Abstract

When solving constraint problems, symmetry handling is a crucial optimization. However, it is

well-known that several preprocessing methods and encodings change the syntactic symmetries of
the problem, and hence make it more difficult to exploit the symmetries that were present in the
original problem. As a consequence, when currently using such methods, one should either handle
the symmetries on the original specification or live with the fact that efficiency is lost since this
structure is no longer visible. In this paper, we take a different approach: we develop a framework in
which symmetry information is explicitly part of the specification and can be passed along through
different transformations. One subtle, but important point in this respect is that transformations
can change the set of variables. We study theoretical properties of transformations that preserve
symmetry information, and we analyze existing transformations from the literature in this framework.
We experimentally evaluate our framework on translations of pseudo-Boolean constraints into CNF
and show that in practice, simply passing on the symmetry information can lead to significant
speed-ups in solving time.
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1 Introduction

Exploiting symmetry is a crucial optimization in many areas of automated reasoning [15, 23,
31]. By detecting and exploiting symmetries in a problem instance, redundant work can often
be avoided. In practice, solvers typically focus on syntactic symmetries, that is, symmetries
that are visible in the structure of the instance. Such symmetries can often be modelled as
graph automorphisms, and highly efficient tools for computing them are available [29, 8].

However, the problem description that reaches the solver is often not the original one.
Before solving starts, the instance may go through several preprocessing or compilation steps.
These transformations can haphazardly remove or obscure symmetries that were explicit in
the high-level description of the problem. Hence, in practice, these symmetries can no longer
be detected and used at the solver level.

This issue arises in many different contexts across constraint programming and other fields
of automated reasoning. We discuss several examples here, though the list is by no means
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exhaustive. A first place where this phenomenon occurs is translations between formalisms;
for instance, many paradigms offer tools for translating search problems into SAT. This is
done for instance for pseudo-Boolean (PB) solving [10] and constraint problems [35]. In such
translations, important types of symmetry that are easily detected at a high abstraction level
become difficult to detect, or even vanish completely, in the resulting encoding [19]. The
reason is that even if the original problem has a simple symmetric structure, the encoding often
introduces auxiliary variables in an asymmetric way, which can break symmetries. A second
example is the decomposition of global constraints into networks of simpler constraints [1].
Again, when doing so, often arbitrary, asymmetric choices are made, which can break
symmetries. Sorting-network decompositions compile constraints such as all-different or
cardinality constraints into a fixed network of comparators, each operating on a specific pair
of variables; a symmetry of the original constraint exchanging two variables will generally
not correspond to an automorphism of these networks. Similarly, decompositions based on
binary (or multi-valued) decision diagrams build a diagram by fixing a variable order; any
symmetry permuting variables maps the chosen order to a structurally different one, making
the symmetry unexploitable. A third and final example is the introduction of auxiliary
variables for solver performance—not as a replacement encoding, but alongside the original
constraints. This is done for instance in structure-based extended resolution in lazy clause
generation [14]. There, new variables are introduced in order to extend the language of
learning (the set of variables over which the solver can learn new clauses). E.g., if the input
specification contains a sum constraint Z?:l x; > k, then the solver will introduce auxiliary
variables sy representing Zle x;, thereby breaking all symmetries between variables z;.

Two common ways of dealing with the fact that transformations can destroy symmetries
are (1) either breaking symmetries at the model level before compilation, or (2) detecting
symmetries from the compiled output after the fact. Our framework offers a third path
that neither approach makes available: by detecting symmetries at the model level, and
making transformations symmetry-aware, symmetry information directly finds its way to the
solver. As such, it leaves all decisions to the final solver without losing symmetries during the
compilation step. The solver can then choose among different lex-leader orderings [25], apply
dynamic symmetry-breaking techniques [30, 17], or exploit symmetries during search [22],
none of which is possible when symmetry breaking is committed to before compilation.

Contributions. In this paper, we propose a new approach to preserve symmetry. Instead
of requiring the user to provide symmetries manually to the final solver, or restricting
ourselves to transformations that happen to preserve symmetries, we develop a framework
in which symmetry is an explicit part of the specification. This information is then passed
automatically through transformations that occur between modelling and solving.

A key challenge is that transformations may change the set of variables, for example
by introducing auxiliary variables or by removing existing ones. To address this issue, we
introduce the notion of a symmetry-aware problem, which consists of three components: a
constraint problem, a designated set of projected variables, and a group of symmetries. The
projected variables are the variables on which the symmetry group is allowed to act, while
the remaining variables are not affected by the symmetry.

Within this framework, we study how symmetry information behaves under common
transformations. We analyze several transformations from the literature, such as symmetry
breaking, symmetry detection, PB-to-CNF encoding, and CNF simplification techniques.
In particular, we study whether they can be made to preserve symmetry information and
whether they can be used safely in settings such as counting and enumeration.

We experimentally evaluate our approach for translations of pseudo-Boolean constraints
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to CNF. In particular, we pass symmetry information along the transformation using
an auxiliary graph. On the resulting CNF encodings, we run the symmetry breaking tool
SATSUMA [7]. We compare two settings: one where SATSUMA detects symmetries from the CNF
itself, and one where it uses the symmetries provided by our auxiliary graph. We then solve
the resulting instances with the state-of-the-art SAT solver KissAT. On benchmark instances
from the PB Competition 2025, we observe that the additional symmetry information reduces
the average solving time by 12.6% compared to breaking symmetries on the CNF encoding.
Related Work. Previous work in SAT has studied which preprocessing techniques preserve
symmetry and which ones destroy it [5]. Our framework goes beyond this work in that we
show how to preserve symmetry information even when applying transformations that do not
preserve it. One example of this is bounded variable addition, a crucial CNF simplification
technique in modern SAT solvers [26], which we discuss in Section 4.3.1.

Our framework builds on ideas that have existed for several years and in fact, several
existing methods fit well in our framework. One example is the CONJURE tool [3], which
translates (high-level) Essence [21] specifications into lower level constraints. In doing so, by
assigning names to objects, it introduces symmetries that were not present in the original
specification and that need to be dealt with, which is not always easy to do completely [2]. In
our framework, instead of doing the symmetry breaking, symmetry information is explicitly
part of the specification and can be passed along to the solver, which can then exploit
it directly. Another example of such ideas is that certain tools require that symmetry
information should be provided by the user. For example, Junttila et al. [28] rely on a
user-provided graph that captures the symmetries of a CNF formula, instead of relying on
the solver to detect them from the formula itself. A final example is symmetry handling
in Benders decomposition in mixed integer programming (MIP) [27]. To achieve this, the
symmetries are typically handed directly to the solver instead of being detected from a

problem encoding. Consider, for instance, solving a Hamiltonian cycle problem using MIP.

A compact encoding of the connectivity constraints typically introduces auxiliary variables,
which can obscure the original graph symmetries and complicate symmetry detection, while
formulations that preserve symmetries explicitly are often much less practical. A simpler
and more effective approach is to pass the symmetries of the original graph directly to the
solver. In CP terminology, what this means is that in some cases the symmetries of a global
constraint (here, circuit) are very easy to detect, while these symmetries are obscured or
even destroyed by a decomposition of that global constraint. As a consequence, algorithms
that use such a decomposition should better be provided with the symmetry information of
the original global constraint, instead of relying on detecting it from the decomposition.
Structure of the Paper. The rest of this paper is structured as follows. In Section 2, we
briefly introduce the necessary preliminaries. We describe our framework in Section 3 and
analyze existing transformations in Section 4. We present our experimental evaluation in
Section 5 and conclude in Section 6.

2 Preliminaries

As usual, we will work with variables, each with an associated domain; we write D(v) for
the domain of variable v. A set of variables is called a vocabulary. An assignment « to a
vocabulary V is a mapping sending variables v € V to values from their domain. If V' C YV
and « is a V-assignment, we write «|y for the restriction of « to V’. Additionally, given two
vocabularies V,V’ with V' C V), we will say that a V-assignment « extends a V'-assignment
o' if a and o' agree on all variables in V') i.e., if a|ys = o’. A constraint over V of variables
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is a set of assignments to V. As usual, in practice this set is often defined implicitly.
A constraint problem P is a tuple (Vp, Fp), consisting of:

a vocabulary Vp,

and a set of constraints Fp, where each constraint is over a subset Vo of Vp.

A set of constraints will be referred to as a formula below. If P is a constraint problem, we
will write voc(P) and form(P) to refer to its vocabulary and formula respectively. A solution
of a constraint problem is an assignment « that satisfies the formula (denoted « = Fp), i.e.,
such that for every constraint C € Fp, aly, € C.

A semantic symmetry of a constraint problem is a permutation 7w of assignments that
preserves satisfaction, i.e., for all assignments «, it holds that 7(a) | Fp if and only if
«a = Fp. In practice, often only restricted classes of these symmetries are considered.
In CP, these symmetries are often induced by either a permutation of the variables (i.e.,
variable symmetries) or a permutation of the values in some domains (i.e., value symmetries).
Furthermore, it is common to focus on syntactic symmetries: symmetries that can be detected
from the syntactic representation of Fp. An in-depth review of symmetry in CP is given in
the Handbook of Constraint Programming [24].

3 A Framework for Symmetry and Transformations

We are interested in studying symmetry-aware transformations. Usually transformations are
viewed as taking one constraint problem and producing another one. Such a transformation
is “perfect” if it essentially preserves the set of solutions.

For our work, however, we do not study a problem P in isolation, but we add two more
components. The first component is a group G of symmetries of P. The intuition is that we
are not interested in all solutions of P, but only in solutions that are “structurally different”.
Formally, we say two solutions are equivalent modulo G if one can be obtained from the other
by applying a permutation of G. In a symmetry-aware setting, we seek one representative per
equivalence class of this relation; that is, we care about solutions modulo G. This corresponds
to common practice. For example, when we are only interested in the satisfiability of P, it
suffices to find one satisfying solution modulo G. Also in enumeration tasks, one often wants
to list solutions only up to isomorphism, for instance when studying combinatorial objects.
The situation where G is the trivial group corresponds to the classical setting where we are
interested in all solutions of P. When we study transformations, it will not be important that
they preserve all solutions, but only that they preserve the equivalence classes of solutions
modulo G. The second component we add is a set V of projection variables. The intuition
underlying this is that we are not interested in full solutions of P, but only in the values they
take on V. All variables outside of V can be thought of as auxiliary variables that might be
useful for defining P, but are irrelevant for the user.

The interaction between the group G and projection variables V is non-trivial: if we only
care about the value of solutions on V, then it might not make sense to consider solutions
modulo symmetries that map complete assignments. This leads to the following definitions.!
» Definition 1 (Projected Symmetry). Let P be a constraint problem and V C voc(P). A
permutation m of V-assignments is called a projected symmetry of P with respect to V (or,
in brief, a V-symmetry of P) if for each V-assignment «, it holds that o can be extended to
a solution of P if and only if w(a) can be extended to a solution of P.

! Bleukx et al. [13] used the terminology partial symmetry for what is called a projected symmetry here.
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» Definition 2 (Symmetry-Aware Problem). A symmetry-aware problem is a triple (P,V,G)
where P is a constraint problem, V C voc(P) and G is a group of V-symmetries of P.

Given a symmetry-aware problem (P, V, G), we call two solutions « and 8 of P equivalent
(and denote this as a =¢ ) if there is a symmetry = € G such that m(aly) = 8y. With
a symmetry-aware problem, we are interested in solutions of P modulo this equivalence
relation. A symmetry-aware problem can be used for different purposes; sometimes one
might want to enumerate all equivalence classes of solutions of P, other times one might
want to count them and in other applications we might only be interested in the satisfiability
of the problem (whether it admits at least one solution). In the last case, V and G can
essentially be ignored: this will not influence the satisfiability. However, it is still useful to

include them since symmetry information can be exploited by solvers to speed up search.

Naturally, depending on the purpose, some transformations can be well-behaved or not. In
the rest of this section, we study properties of such transformations.

Given the generality of our framework, transformations of (symmetry-aware) problems
will not be defined for all possible problems but only for restricted classes. For instance, in
Section 4, we will define transformations that start from problems where all variables are
Boolean and all constraints are expressed as pseudo-Boolean formulas. One important aspect
of transformations in practice is that we should always be able to translate solutions of the
result back to solutions of the original problem. This leads us to the following definition.

» Definition 3. Let C be a class of symmetry-aware constraint problems. A transformation
7 on C is a function that maps each (P,V,G) € C to

1. another symmetry-aware problem (P, V' ,G') denoted as T({P,V,G)) and

2. a mapping pr from V'-assignments to V-assignments.

» Remark 4. The intuition underlying p, is that given a (projected) solution of P’, it
reconstructs a projected solution of P. Formally speaking, we defined p, here as a total
function on V’-assignments, but in practice it will often only be defined on a set of assignments
that includes at least all solutions of P’. To see why, consider a transformation that encodes
integer variables V' as Boolean variables with indicator variables by—j (also known as a
one-hot encoding). In this case, P’ will only admit solutions in which exactly one indicator
variable is true, and it suffices to define p, on such assignments. However, for mathematical
convenience, we will consider it to be a total function (for all definitions that follow, the
value of p, on non-solutions of P’ is in this case irrelevant).

Obviously, not every transformation is useful; so far we have not included a single
restriction on what a transformation is allowed to produce. The following definition establishes
some potentially desired properties of reasonable transformations.

» Definition 5. Let 7 be a transformation on C, and assume T maps (P,V,G) to (P',V',G')

and p,. We call the application of T on (P,V,G)

reconstructing if for each projected solution o of P, p-(a') is a projected solution of P;

solution preserving if for each projected solution o of P, there exists a projected solution o’
of P such that p, (') =g «;

backwards symmetry invariant if for all two projected solutions o and 8" of P', if & =+ 5,
then also p, (') =c pr(B);

forwards symmetry invariant if for all two projected solutions o' and ' of P’, whenever
o (&) =a p-(8), it also holds that o/ =¢ 5.

For any of the above properties, we say T satisfies the property if all applications of T (on

any problem in C) satisfy it.
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Let us motivate the properties we just defined. The core idea of the reconstruction
function p, is that it should make the transformation usable in practice. In particular,
when applying a transformation 7, followed by a call to a solver on the resulting problem, it
should be possible to reconstruct a solution to the original problem from a solution given
by the solver. The reconstructing property says precisely this: p. maps any solution of the
resulting problem back to a solution of the original problem. Vice versa, we may also want
the other direction, namely that every solution of the original problem is essentially preserved.
Formulating this property is more subtle, however, due to the involvement of symmetries.
Indeed, the solution preserving property does not require that any solution of P should be
recoverable, but only that its projection should be recoverable up to a symmetry in G.

The final two properties are about the preservation of the symmetry relation. First, the
backwards symmetry invariant property says that whenever two solutions of the resulting
problem are symmetric, then their reconstructions should also be symmetric. This means in
particular that if we are only interested in a single representative of each equivalence class of
solutions modulo G’ (by the definition of symmetry-aware problems), we would not lose any
equivalence classes when reconstructing the solutions. Vice versa, the forwards symmetry
invariant property says that whenever two reconstructions of solutions are symmetric, then
the original solutions should also have been symmetric. This means in particular that we are
not creating new equivalence classes of solutions out of thin air.

The following proposition establishes some basic relations between the properties we just
defined. Proofs of all results are deferred to Appendix A.

» Proposition 6. The following properties hold.
If T is reconstructing then it is unsatisfiability preserving, meaning that it maps unsatis-
fiable problems to unsatisfiable problems.
If T is solution preserving then it is satisfiability preserving, i.e., it maps satisfiable
problems to satisfiable problems.

The following proposition essentially tells us that transformations that satisfy all the
above properties indeed preserve the set of projected solutions modulo G.

» Proposition 7. Assume T is a transformation that is reconstructing, solution preserving,
backwards symmetry invariant and forwards symmetry invariant. In this case, p, induces
a bijection between the equivalence classes of projected solutions of P modulo G and the
equivalence classes of projected solutions of P’ modulo G'.

We call a transformation that satisfies all four properties of Definition 5 a perfect
transformation. A consequence of the previous proposition is that a perfect transformation
can safely be used to enumerate or count the equivalence classes of solutions modulo G.

4  Analysis of Existing Transformations

We now describe how existing transformations fit within our symmetry-aware framework,
starting with symmetry detection and breaking, and continuing with translations, simplifica-
tions, and variable-introduction techniques.

4.1 Symmetry-Based Transformations

Complete Symmetry Breaking Symmetry breaking extends the original problem with a
set of additional constraints that eliminate symmetric solutions. We will refer to the set of
symmetry breaking constraints as SBC. This set of symmetry breaking constraints is sound
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P cquivalence classcs (9101 010 1001 1010] (0111 1011 101 11101111
pr pr pr
P’ equivalence classes [0:17(371] (:Qilil] (\Ililj

Figure 1 Complete symmetry breaking: each equivalence class of P corresponds to exactly one
solution in P’. Each bitstring represents an assignment to the variables (x1, z2, T3, 74), where the
leftmost bit corresponds to ;.

if it preserves at least one assignment of each equivalence class modulo G, and it is complete
if it preserves at most one assignment of each equivalence class modulo G.

Given the symmetry-aware problem (P,V, G), symmetry breaking aims to obtain a new
symmetry-aware problem that preserves exactly one solution per equivalence class modulo
G. Concretely, symmetry breaking constraints are appended to the original formula, and if
necessary, the vocabulary is extended with new variables used to express these constraints.

A complete symmetry breaking transformation adds a sound and complete set of symmetry
breaking constraints to the original problem: it maps (P,V, G) to (P USBC,V, {id}), where
SBC is a sound and complete set of symmetry breaking constraints for G. The following
proposition states that this kind of transformation satisfies all desired properties.

» Proposition 8. Fvery complete symmetry breaking transformation T with the reconstruction
function p, = id is perfect.

We illustrate complete symmetry breaking as a transformation in the following example.

» Example 9. Consider the symmetry-aware problem (P, V, G) where P = (Fp,V) is a CNF
formula Fp = {x1 V za,23V x4} over the vocabulary V = {x,z9, 23,24}, and G is the group
of syntactic variable symmetries of P (i.e., the permutations of V that map the formula
F to itself). Concretely, G is generated by the set of permutations swapping the variables
within the clauses, or the clauses themselves; G = ((z1 x2), (z3 x4), (1 x3)(22 x4)). The
goal is to enumerate all solutions of P modulo G. To do this, we apply a complete symmetry
breaking transformation 7, obtaining the new symmetry-aware problem (P’,V, {id}) where
P’ = (Fp USBC, V), and SBC is the following set of clauses:

(—\Il \Y 132) A (—\CC3 \Y 174) A (—\932 \Y T3 V 1‘4) A (—'Il V T2 V 933) N (—'.Il V X9 V JL‘4)

It can be checked that SBC is indeed a sound and complete set of symmetry breaking
constraints for G. In fact, these clauses are constructed following a standard approach to
post lez-leader constraints [16], which preserve the lexicographically (w.r.t. a fixed variable
ordering) smallest representative from each equivalence class.

Because SBC is sound and complete, the remaining symmetry group is trivial, and P’
contains exactly one solution for each equivalence class of P modulo GG. These equivalence
classes are illustrated in Figure 1. The reconstruction function p, = id maps each solution of
P’ to the chosen representative (concretely, the lexicographically minimal solution) of each
corresponding equivalence class in P.

Partial Symmetry Breaking For some particular groups, it is indeed possible to efficiently
generate complete symmetry breaking constraints in practice [20]. However, achieving
complete symmetry breaking is considered computationally infeasible in most cases [6, 16].
As an alternative, partial symmetry breaking techniques can be used, which add a set of
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symmetry breaking constraints that is sound but not necessarily complete for G, preserving
at least one solution per equivalence class of solutions of P modulo G.

In the case of complete symmetry breaking, all symmetries are broken, hence the remaining
symmetries are reduced to the trivial group. In the case of partial symmetry breaking there
are no such guarantees. A partial symmetry breaking transformation adds a sound set of
symmetry breaking constraints to the original problem, transforming the original symmetry-
aware problem (P,V,G) to a new symmetry-aware problem (P, V,G') with G’ C G a
subgroup of the original group of symmetries. The following proposition summarizes which
properties are satisfied by this transformation.

» Proposition 10. Partial symmetry breaking is reconstructing, solution preserving and
backwards symmetry invariant, but not necessarily forwards symmetry invariant.

We illustrate two partial symmetry breaking transformations in the following example.

» Example 11. This example builds on Example 9, illustrating partial symmetry breaking.
Consider the case where a complete and sound subset of the lexicographic symmetry breaking
constraints are added for a subgroup of G. Concretely, let SBC be the set of constraints
{—z1 V 22}, which is satisfied precisely by those « for which « <jex (1 z2)(«), breaking only
the symmetry (21 x2) between the variables in the first clause.

Because the symmetries between clauses and the variables in the second clause were
not broken, one can define G’ to be the largest subgroup of G that contains only unbroken
symmetries (i.e., those that are still symmetries of P’). Concretely, here this would mean
that G’ = ((z3 x4)); no other permutations in G are symmetries of P’. For instance, for
the permutation m = (z1 x3)(z2 z4), we see that it maps the assignment 0110 (a solution of
P’) to the non-assignment 1001. From Proposition 10, we know that this transformation
is reconstructing, solution preserving and backwards symmetry invariant. In this case, the
transformation is also forwards symmetry invariant as shown in Figure 2a, but as we will
illustrate in the next example that this is not the case in general.

In the previous example, we were able to find a non-trivial subgroup of G that captures the
symmetries that remain after partial symmetry breaking. However, in general, the unbroken
symmetries of P are not necessarily symmetries of P’. The following example illustrates
a case where even though not all symmetries are broken, the only subgroup of G we can
choose for G’ is the trivial group.

» Example 12. Consider the symmetry-aware problem (P,V, G) where P = (Fp, V) is the
CNF formula Fp = {x1 V x2 V 23} over the vocabulary V = {x1,z2, 23}, and G is the group
of syntactic variable symmetries of P (i.e., all possible permutations of V). We now apply a
partial symmetry breaking transformation 7 to this problem, by adding SBC = {—x; V 22},
i.e., a single constraint that breaks the symmetry between x; and xz5. We know that SBC
is sound, and hence preserves at least one solution per equivalence class of P modulo G.
However, because SBC is not complete w.r.t. G, multiple solutions per equivalence class
might remain. For instance the symmetry (z; x3) is not broken by the added constraints.
However, none of the symmetries of P are symmetries of P’ and hence 7 is not forwards
symmetry invariant. We illustrate this in Figure 2b.

Symmetry Detection Next, we use the framework to analyse symmetry detection. Sym-
metry detection consists of finding a group G representing the syntactic symmetries of a
given problem. This is usually done by transforming the problem into a graph in such a way
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P equivalence classes P’ equivalence classes

SO . P equivalence classes P’ equivalence classes
0101« - 0101 |

| 01104 o =0110 | -
1001 | ' 0014 - <001
1010 | | 010¢ o 1010
0111« 0111 | ‘\,1797974]

L1011 | a | 0114 > 011}
| 11014 1101 | ' 101 | !

| 11104 Pr 1110 ! | 110« 1110
R g pr pr o
L1111 ~1111 | D111« 11
N Pr N L Pr ---

(a) Partial symmetry breaking, case 1 (b) Partial symmetry breaking, case 2

Figure 2 Partial symmetry breaking for case 1 (left) and case 2 (right). Bitstrings represent
assignments to (z1, 22,3, z4) in case 1 and (z1, 2, x3) in case 2, with the leftmost bit corresponding
to 1.

‘P equivalence classes

)
|

[(bi()f: (0110 11001 {1010} [OL11} [1011) 1101} 1110 (iiif]

pr pr pr pr pr pr pr pr pr

P’ equivalence classes

Figure 3 Symmetry detection: each solution of P corresponds to a solution of P’, however,
equivalent solutions in P’ can map to non-equivalent solutions in . Each bitstring represents an
assignment to the variables (z1, z2, z3, z4), where the leftmost bit corresponds to ;.

that the automorphisms of said graph correspond to the syntactic symmetries of the problem.

Then, a graph automorphism tool such as NAUTY [29], TRACES [29], or DEJAVU [8] is used.

We model this process as a transformation 7 that maps a symmetry-aware problem
(P,V,{id}) with the trivial group to a symmetry-aware problem (P,V,G) where G is a
subgroup of the semantic symmetries of P. Because the original problem has the trivial group

as its symmetries, each projected solution of P forms its own equivalence class (modulo {id}).
After the transformation, these solutions are partitioned into equivalence classes modulo G.

The following proposition states the properties of this transformation.

» Proposition 13. Symmetry detection is a transformation that is reconstructing, solution
preserving, and forwards symmetry invariant, but not backwards symmetry invariant.

The symmetry detection transformation is illustrated in the following example.

» Example 14 (Example 9 continued). Imagine we start with the symmetry-aware problem
(P,V,{id}). The transformation 7 maps this problem to the symmetry-aware problem
(P,V,G), where G = ((x1 x2), (x5 z4), (x1 x3)(x2 24)) is the group of syntactic symmetries
of P. Because the original problem has the trivial group as its symmetries, each projected
solution of P forms its own equivalence class. The transformed problem P’ on the other
hand, contains the same projected solutions partitioned into equivalence classes modulo G as
illustrated in Figure 3.
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4.2 Formalism-Based Transformations

The framework is also well-suited to analyze transformations that do not explicitly focus on
symmetries. A prominent example of such transformations are encodings of one formalism
into another formalism. We take encodings of PB constraints into CNF here as a guiding
example. These encodings typically introduce fresh variables and constraints to represent the
original PB constraints in CNF form. Most commonly-used encodings will (inadvertently)
remove certain symmetries of the original PB problem, as we will illustrate later. By analyzing
these encodings within our framework, we can guarantee that the symmetry information is
passed on through the encoding.

One encoding, often used to encode cardinality constraints is the totalizer encoding [9].
In this encoding, fresh variables are added, with as goal to count the cardinality of a subset
of the original variables. However, by choosing those subsets to count, the encoding actually
enforces additional structure on the variables, and most symmetries of the original PB
problem are no longer symmetries of the resulting CNF. As a consequence, if the symmetry
information is not passed on through the transformation (which is the de facto standard
nowadays), it can no longer be recovered from the CNF and hence cannot be exploited.

Making this a bit more formal, the totalizer encoding [9] transforms a cardinality constraint
i x; <k into CNF using a binary tree structure. The variables form the leaves of a
binary tree, and each node 7 of the tree is associated with the set V; of variables in its subtree.
For each internal node 7, auxiliary variables t; ; (for j € {1,...,|V;|}) are introduced, where
t;,; holds if at least j variables in V; are true. Clauses then ensure that these counts are
propagated from children to parents; for an internal node ¢ with children [ and r, the clause
(mt1,q V —trp V ti gyp) is added for all valid a,b. The cardinality constraint itself is enforced
by the unit clause (—troot,k+1)-

» Example 15. The goal is to transform the PB constraint x; + z2 + 23 < 1 into CNF using
the totalizer encoding. First, the variables are organized into a binary tree, where z; and x5
are children of an internal node V7, and V; together with 3 are children of the root V. The
encoding then introduces the auxiliary Boolean variables ¢; ; for 1 <i<2and 1 <j <|V; |,
where Vi = {z1, 22} and V = V5 = {x1, x2, 23}. The variable ¢; ; is true if at least j variables
in V; are true. Using these auxiliary variables, the constraint can be translated in CNF as:

(mz1 Vit11), (mxe Vi), at least 1 true variable in V;
(mxg V oy Vt,2), at least 2 true variables in V;
(mt11 Vo), (a3 Vita ), at least 1 true variable in V5
(mt1,2 Vi), (tt11 V oy Vigg), at least 2 true variables in V5
(—t2,2) at most 1 true variable overall

We define two ways of viewing the totalizer encoding as a transformation in our framework.
The first and naive way, corresponds to the standard way of doing things, where we do not
explicitly pass on the symmetry information, and use all variables in the resulting CNF as
projection variables. The second way corresponds to a more careful way of doing things,
where we explicitly pass on the symmetry information, and only take the original PB variables
as projection variables. Formally, these transformations are defined as follows.

» Definition 16. The naive totalizer transformation takes as input a symmetry-aware PB
problem (P, V,G) where P is a set of pseudo-Boolean constraints over V and maps it to the
symmetry-aware CNF problem (P, V', {id}), where P’ is the result of applying the totalizer
encoding to P, and V' is the set of all variables in P’. The symmetry-aware totalizer
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‘P equivalence classes P’ equivalence classes
q

‘P equivalence classes P’ equivalence classes
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(a) Naive totalizer transformation (b) Symmetry-aware totalizer transformation

Figure 4 Totalizer transformation. Each bitstring represents an assignment to the variables
(z1, 22,23, t1,1,t1,2, t2,2) (left) and (z1,x2,23) (right), where the leftmost bit corresponds to z1.

transformation maps (P, V,G) to (P',V,G), where again P’ is the result of applying the
totalizer encoding to P.

In other words, when using the naive totalizer transformation, all symmetry information is
lost in translation, reducing the remaining symmetries to the trivial group. By projecting
out the auxiliary variables the symmetry can be preserved, as illustrated next.

» Example 17 (Example 15 continued). Note that in the original constraint, all variables are

interchangeable, i.e., any permutation of the variables is a symmetry of the PB constraint.

After applying the totalizer encoding, the variable x5 is treated differently in the binary tree
structure, and hence it is no longer interchangeable with z; and x5. Intuitively speaking,
the introduction of auxiliary variables messes up the symmetry structure.

When applying the naive totalizer transformation, the original problem is mapped to
the symmetry-aware CNF problem (P’,V’, {id}), where P’ is the totalizer encoding of the
original PB constraint, and V' is the set of all variables in P’. Define p, to be the function
that maps each assignment of V' to the assignment of V by restricting it to the shared
variables x1, z2, 3. The freshly introduced variables destroy all symmetries of the original
PB problem. As illustrated in Figure 4a, at least one solution per equivalence class of the
original PB problem remains, but no symmetries are preserved: 7 is solution preserving,
reconstructing and backwards symmetry invariant but not forwards symmetry invariant.

When applying the symmetry-aware totalizer transformation, the original problem is
mapped to the symmetry-aware CNF problem (P’ V,G), where again P’ is the totalizer
encoding of the original PB constraint, but now V is the set of original PB variables, p, = id
and G is the group of symmetries of the original PB constraint. As illustrated in Figure 4b, at
least one solution per equivalence class of the original PB problem remains, and all symmetries
are preserved, and hence 7 is solution preserving, reconstructing, forwards symmetry invariant
and backwards symmetry invariant. Hence, projecting out the auxiliary variables prevents
the symmetries from getting lost in translation.

We formalize this in the following proposition.

» Proposition 18. The naive totalizer transformation is reconstructing, solution preserving
and backwards symmetry invariant, but not necessarily forwards symmetry invariant.

We now show that when projecting out the auxiliary variables introduced by the totalizer

encoding, all symmetries of the original PB problem can be preserved by the transformation.

The following lemma states that the symmetries of the original PB problem are also projected
symmetries of the CNF problem obtained by applying the totalizer encoding, when considering
only the original PB variables as projection variables.
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» Lemma 19. When using the symmetry-aware totalizer transformation, symmetries of the
ortginal PB problem are also projected symmetries of the resulting CNF problem.

Using the above lemma, we can show that when projecting out the variables, the totalizer
transformation is a perfect transformation. This is formalized in the following proposition.

» Proposition 20. The symmetry-aware totalizer transformation is reconstructing, solution
preserving, backwards symmetry invariant and forwards symmetry invariant.

4.3 Simplification Transformations

Last, we study pre- and inprocessing transformations using our framework. Such techniques
aim to transform encoded problems, with the goal to decrease the solving time. This can be
done, for example, by reformulating the problem with fewer constraints, or by decomposing
global constraints into simpler forms that the final solver handles more efficiently. However, as
was the case with formalism-based transformations, these transformations also risk removing
syntactic symmetries from the problem.

4.3.1 Bounded Variable Addition

One popular preprocessing technique for SAT is bounded variable addition (BVA) [26]. BVA
can be used to replace sets of clauses by smaller sets of clauses (at the cost of introducing
new variables). It does so by identifying patterns in the formula that can easily be replaced.
For example, the pattern

(.’1?1 \/yl) (.1'1 \/yk>
p— (xg\/yl) (.Z'vak>
(xnVy1) .. (znVuyk)

can easily be replaced by the equisatisfiable formula A} (aV z;) A /\?(—\a\/yj). Ifn+k<n-k,
this is indeed a reduction of the number of clauses.

» Example 21. Consider a CNF encoding of the pseudo-Boolean constraint x1+xo+: - -+xg <
1. This constraint can be encoded in CNF using the pairwise encoding: F = {(—xz; V ;) |
i, €{1,...,6} and i < j}, resulting in the following formula

(—\xl V —|£E2) (—\xl V —|£E3) (—'931 V —|IIZ4) (—'331 \Y —|JZ5) (—'331 \ —|f176)

(—\IQ V —L’Eg) ("932 V —|III4) ("932 V —|f175) ("ZIIQ \ —KEG)

F = (mx3 V) (—xsV-xs) (- V-oag)
(_\354 V _LT5) (_\I4 V _|LE6)

(_\33'5 V _|SC6)

We can use BVA on the highlighted clauses, resulting in the following formula

(mx1 V —xe)  (—xp V-zxs)  (—xpVa) (mzo Va) (mx3 Va)
(mxo V —xg) (mx4V-a) (mxsVo-a) (- Voa)
(ﬁSL’4 V ﬁﬂ?s) (ﬁ$4 V ﬁaig)
(ﬁl’g) V ﬁxﬁ)

F =

Note that in this example, originally all of the variables are interchangeable. However,
after applying the BVA pre-processing step, the variables z1,xo and z3 are no longer
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interchangeable with the variables x4, x5 and zg. Similar to the discussion on the totalizer
encoding in Section 4.2, this is because the introduction of the auxiliary variable a enforces
additional structure on the variables. Again, when projecting out the auxiliary variables
introduced by the BVA, all symmetries of the original problem can be preserved.

First, we define the two ways of viewing the BVA transformation as a transformation in
our framework.

» Definition 22. A naive BVA transformation takes as input a symmetry-aware CNF problem
(P,V,G) and maps it to the symmetry-aware CNF problem (P’', V', {id}), where P’ is the
result of applying BVA pre-processing (for a given heuristics for choosing which patterns
to apply it on) to P, and V' is the set of all variables in P'. A symmetry-aware BVA
transformation maps (P,V,G) to (P',V,G), where again P’ is the result of applying BVA
pre-processing to P.

The following lemma states that when projecting out the auxiliary variables introduced by
the BVA, all symmetries of the original problem can be preserved by the transformation.

» Lemma 23. When using the symmetry-aware BVA transformation, all symmetries of the
ortginal problem are projected symmetries of the resulting problem.

With this lemma we can prove that the BVA pre-processing technique is reconstructing,
solution preserving, backwards symmetry invariant and forwards symmetry invariant when
projecting out the auxiliary variables introduced by the BVA simplification. This is formalised
in the following proposition.

» Proposition 24. Symmetry-aware BVA transformations are reconstructing, solution pre-
serving, backwards symmetry invariant and forwards symmetry invariant. Naive BVA
transformations are reconstructing, solution preserving and backwards symmetry invariant,
but not necessarily forwards symmetry invariant.

4.4 Structure-Based Extended Resolution

A well-known technique in lazy clause generation is to introduce auxiliary variables represent-
ing information about a combination of existing variables [14]. A smart choice of variables
can shorten proofs, however, as with the totalizer encoding, it introduces additional structure
on the variables that can destroy syntactic symmetries. We illustrate this using an example
where a fully symmetric sum constraint is decomposed into partial sums.

4.4.1 Sum Constraint Decomposition

Take for example a simple sum constraint y .-, ; > N. This constraint can be decomposed
into prefix-sums using auxiliary sum variables sy for k € [0,...,n|, where

S():O7
s$i =8;_1+x;, forl<i<n, and
Sp > N.

This encodes that each variable s; should equal the partial sum Zle z;. However, by
adding these partial sums to the original encoding, all syntactic symmetries are destroyed.
Similar to the previous discussion, there are two ways of viewing the sum decomposition as a
transformation in our framework.
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» Definition 25. The naive sum decomposition takes as input a symmetry-aware constraint
problem (P,V,G) and maps it to the symmetry-aware constraint problem (P UP', V' {id}),
where P’ is the prefiz-sum decomposition of P, and V' is the set of all variables in P'. The
symmetry-aware sum decomposition maps (P,V,G) to (PUP’',V,G), where again P’ is the
result of applying the prefiz-sum decomposition to P.

The following lemma states that when projecting out the auxiliary variables introduced by the
decomposition, all symmetries of the original problem can be preserved by the transformation.

» Lemma 26. When using the symmetry-aware sum decomposition, all symmetries of the
original problem are projected symmetries of the resulting problem.

This lemma now allows us to analyze prefix-sum decompositions in our framework, as
formalised in the following proposition.

» Proposition 27. The symmetry-aware prefiz-sum decomposition is perfect, while the naive
prefixz-sum decomposition is reconstructing, solution preserving and backwards symmetry
invariant, but not necessarily forwards symmetry invariant.

5 Validation on Pseudo-Boolean Translations

The framework we proposed is general and can be applied to a wide range of transformations,
as discussed above. In this section, we show that it is not just of theoretical interest, but
can result in more efficient solving. We showcase this on the specific case of translating
pseudo-Boolean (PB) constraints into CNF.

5.1 Encoder with Auxiliary Graphs

To evaluate the proposed framework, we implemented a tool called FORKENCODER.2 The
tool’s name reflects the fact that the tool transforms one input into two outputs. Concretely,
FORKENCODER takes a PB formula in OPB format and outputs an equisatisfiable CNF
formula and an auxiliary graph representing the symmetries of the original PB formula.
In other words, this tool combines two of the transformations we discussed in Section 4:
symmetry detection and the transformation from pseudo-Boolean constraints into CNF. For
the translation from OPB to CNF, we use the PINDAKAAS library [12]. In our experiments
we use the adder encoding for pseudo-Boolean constraints.

While performing this translation, the tool also constructs a graph that captures the
symmetries of the original PB instance. Using a graph provides an efficient way to transfer
this information without explicitly computing or manipulating the symmetries themselves.
Concretely, following existing symmetry detection methods for pseudo-Boolean problems [4,
33], the tool constructs a (colored) graph which is a simplification of the parse tree of the
original pseudo-Boolean instance. The automorphisms of this graph correspond exactly to
the syntactic symmetries of the input instance and are preserved as projected symmetries of
the translated instances.

To make use of this information, we modified the symmetry breaking tool SATSUMA [7].
Usually, SATSUMA constructs a graph representation of the input CNF formula and detects
its symmetries. In our version, SATSUMA can instead read the auxiliary graph and use it
directly for generating symmetry breaking constraints.

2 The source code is available at https://github.com/markusa4/forkencoder.


https://github.com/markusa4/forkencoder

557

558

559

560

561

562

563

564

565

566

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

583

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

D. Van Caudenberg, M. Anders, B. Bogaerts

5.2 Experimental Setup

To evaluate the proposed framework, we compare the effect of using the auxiliary graph
generated by FORKENCODER to generate symmetry breaking constraints, against solely using
the CNF. We obtain three different CNF formulas:

no_sbp: the translated instance without symmetry breaking constraints,

sbp_graph: the translated instance with symmetry breaking constraints generated using
the auxiliary graph produced by the symmetry-aware transformation,

sbp_cnf: the translated instance with symmetry breaking constraints generated using

solely the CNF formula.

We then solve the obtained CNF formulas using the SAT solver KISSAT [11] to compare the
performance of the added symmetry breaking clauses. The FORKENCODER and SATSUMA
each get a time limit of 1800 seconds and a memory limit of 31GB. Similar to the SAT
competition, KISSAT gets a time limit of 5000 seconds and a memory limit of 31GB as well.
The experiments were performed on a machine with 2 Intel Xeon Gold 6240 CPUs running
Rocky Linux 8.10 with Linux kernel 4.18.0.

We test the framework on the instances used in the decision track of the pseudo-Boolean
competition 2025 [32]% as our benchmark set. This set contains 502 instances, and covers a
wide range of application domains and crafted benchmarks with varying levels of difficulty.
The implementation of the encoder only supports coefficients up to 32 bits, excluding 24
instances from the competition that contain larger coefficients. Furthermore, one instance
ran out of memory during encoding. Because our goal is to specifically compare the effect
of the added symmetry breaking clauses, we filtered the remaining 477 instances to those
where SATSUMA’s underlying symmetry detection detects non-trivial symmetries (either using
sbp_graph or sbp_cnf). This leaves us with 354 symmetric instances for the evaluation.

5.3 Benchmarks

The summary of our results can be found in Table 1 and Figure 5. We observe that using the
auxiliary graph to generate the symmetry breaking constraints outperforms using solely the
CNF. This is not only reflected in the number of solved instances, but also in the average
solving time and the PAR-2 score. Furthermore, both configurations with symmetry breaking
outperform the configuration without symmetry breaking.

In terms of preprocessing overhead, we note that SATSUMA encountered 6 out-of-memory
errors when using the auxiliary graph, and 13 when using solely the CNF (including the 6
instances that caused out-of-memory errors when using the auxiliary graph). This indicates
that detecting symmetries on the original problem formulation is easier than detecting them
on the encoded CNF.

Furthermore, the SATSUMA algorithm searches for particular structural symmetries, so-
called row, row-column and Johnson symmetries [18, 7], which can be broken more efficiently.
In the scatter plot in Figure 5, we visualize whether more structural symmetry is found in
the graph or CNF version. We observe that most benchmarks with improved performance
coincide with more structural symmetry in the instance. Indeed, this goes both ways: most
instances clearly above the diagonal have more structural symmetry in the CNF, whereas
most instances clearly below the diagonal have more in the graph.

3 https://www.cril.univ-artois.fr/PB25/benchs/selected-PB25. tar
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Num. Solved | Avg. Solving Time | PAR-2 score

(out of 354) (s.) (s.)
no_sbp 247 1602.8 3114.1
sbp_graph | 276 1199.6 2301.3
sbp_cnf 265 1372.5 2629.5

Table 1 SATSUMA and KISSAT runtime per configuration: The average solving time includes
SATSUMA’s running time. The PAR-2 score is computed by assigning a penalty of 2 times the time
limit to each instance that was not solved within the time limit. The best results are marked in bold.

Solved Instances vs. Total Solving Time Comparing Total Solving Time
5000 D
_. 10°
2
4000 g 102
w =
@ 3000 © 10
£ o
= £ 10°
2 2000 2
e g
o 107!
| o
1000 2 02
Py EP— : ! | 103 s °
180 200 220 240 260 280 103 10-2 10-! 10° 10' 102 103
Instances Solved sbp_cnf Total Time (s)
—— sbp_graph Timeout (5000s)
—s=— sbp_cnf « sbp_graph has more structure (n=163)
no_sbp = sbp_cnf has more structure (n=20)
——————— Timeout (5000s) Equal structure (n=101)

Figure 5 A cactus plot (left) and scatter plot (right) comparing the solving times of the
configurations. Each point in the scatter plot is marked based on which configuration detected the
most structural symmetry information. Specifically, a colored blue circle indicates that sbp_graph
detected more structural symmetries than sbp_cnf, a red square indicates that sbp_cnf detected
more structural symmetries than sbp_graph, and a yellow triangle indicates that both configurations
detected the same amount of structural symmetries.

6 Conclusion

This paper describes a framework in which symmetry information is explicitly part of the
specification, such that it can be passed along through different transformations. To do
this, we introduce the notion of symmetry-aware transformations, and illustrate this new
concept with several examples of transformations that occur in practice. To validate this
framework, we implemented a tool that translates pseudo-Boolean constraints to CNF while
also generating an auxiliary graph that captures the symmetries of the original PB problem.
Experiments on instances from the pseudo-Boolean competition 2025 show that using the
auxiliary graph to generate symmetry breaking constraints indeed preserves the structural
symmetries of the original PB problem, which in turn leads to better performance when
solving the resulting CNF formulas.
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Proofs

» Proposition 6. The following properties hold.

If T is reconstructing then it is unsatisfiability preserving, meaning that it maps unsatis-
fiable problems to unsatisfiable problems.

If T is solution preserving then it is satisfiability preserving, i.e., it maps satisfiable
problems to satisfiable problems.

Proof of Proposition 6. If 7 is reconstructing, it also preserves unsatisfiability. If this were

not the case, the transformation 7 could transform an unsatisfiable problem P, into a

satisfiable problem P’. However, in this case, the reconstructing transformation 7 must

transform each projected solution o’ of P’ to a projected solution of P, which is impossible

since P is unsatisfiable.

Similarly, a transformation 7 which is solution preserving, also preserves satisfiability. If

this were not the case, the transformation 7 could transform a satisfiable problem P, into
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an unsatisfiable problem P’. However, 7 is only solution preserving if for each projected
solution « to P, there exists an equivalent projected solution o to P’, which is impossible
since P’ is unsatisfiable. <

» Proposition 7. Assume 7 is a transformation that is reconstructing, solution preserving,
backwards symmetry invariant and forwards symmetry invariant. In this case, pr induces
a bijection between the equivalence classes of projected solutions of P modulo G and the
equivalence classes of projected solutions of P’ modulo G'.

Proof of Proposition 7. We first show that p, induces a well-defined mapping between the
equivalence classes. Assume o’ and 3’ are two projected solutions of P’ with o' =g/ 3.
Because the transformation p, is reconstructing, it indeed maps o’ (and ') to projected
solutions of P. We then have that p,(a') =¢ p-(8'), since p, is also backwards symmetry
invariant. Hence, p, induces a well-defined mapping between the equivalence classes.

Next, we show that this mapping is surjective. Assume « is a projected solution of
P. Since p, is solution preserving, there exists a projected solution o’ of P’ such that
pr (') =g a. Hence, the mapping is surjective.

Finally, we show that the mapping is injective. Assume o’ and /3’ are two projected
solutions of P’ such that p.(a’) =g p-(8'). Because p, is forwards symmetry invariant, we
then have that o’ =g 3’. Hence, the mapping is injective. <

» Proposition 8. Fvery complete symmetry breaking transformation T with the reconstruction
function p, = id is perfect.

Proof of Proposition 8. Given a set SBC of sound and complete symmetry breaking con-
straints for G, define 7: (P,V C Vx,G) — (P V,G' = {id}), where P = (F,Vx),
P’ = (FUSBC,VxUVspc), Vspe is the set of fresh variables used in SBC and p, = id.

Since P’ O P and p, = id, every projected solution of P’ is also a projected solution of
‘P, so T is reconstructing.

Because SBC is sound, it preserves at least one projected solution per equivalence class
of P modulo G. Hence, for each projected solution a of P there exists a projected solution
o of P! with p,(a’) =¢ «, so T is solution preserving,.

Since G’ is trivial, we have that o/ =g/ 8’ implies that o/ = 3’. Hence p. (&) =¢ p-(5'),
so 7 is also backwards symmetry invariant.

Because SBC is sound and complete, P’ has exactly one projected solution per equivalence
class modulo G. Thus, for any two solutions o, 8’ of P’, if p. (') =¢ p-(8'), then o/ = F'.
Since G’ is trivial, this implies o/ =g ', so 7 is also forwards symmetry invariant.

<4

» Proposition 10. Partial symmetry breaking is reconstructing, solution preserving and
backwards symmetry invariant, but not necessarily forwards symmetry invariant.

Proof of Proposition 10. Given a set SBC of sound symmetry breaking constraints for G,
define 7: (P,V C V£, G) — (P, V,G’), where P = (F, V), P = (FUSBC, Vr U Vspc),
and G’ < G is a group of V'-symmetries of P’. Last, define p, = id.

For reconstructing and solution preserving, the proof is identical to that of complete
symmetry breaking. We now show that 7 is backwards symmetry invariant and not forwards
symmetry invariant.

Assume o’ and ' are two projected solutions of P’ with o/ =g f’. Since p, = id,
we have that p, (o) = o' and p-(8') = 8. Because G’ is a subgroup of G, we have that
pr (&) =g p-(8). Hence, 7 is backwards symmetry invariant.
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However, because SBC is not complete, 7 is not necessarily forwards symmetry invariant.
Assume two solutions ', 8’ of P’, with p,(a') =¢ p,(8’). Because G’ is a subgroup of G,
it is not necessarily the case that o’ =g 3, hence 7 is not necessarily forwards symmetry
invariant. <

» Proposition 13. Symmetry detection is a transformation that is reconstructing, solution
preserving, and forwards symmetry invariant, but not backwards symmetry invariant.

Proof of Proposition 13. Let 7 map (P, V,{id}) to (P’ = P, V' =V, G) where G is a subset
of the semantic symmetries of P, and define p, = id. Since P’ = P and p, = id, every
projected solution of P’ is also a projected solution of P, and vice versa. Hence, 7 is
reconstructing and solution preserving. Assume o’ and " are two projected solutions of P’
such that p,(a') =¢ p-(B’). This can only be the case if o' = ', since the original problem
has the trivial group as its symmetries. Hence, we also have that o/ =g/ ', so 7 is forwards
symmetry invariant. Conversely, if o/ =g £/, p-() =¢ p-(8’) only holds if o/ = 7', since
the original problem has the trivial group as its symmetries. Hence, 7 is not backwards
symmetry invariant. >

» Proposition 18. The naive totalizer transformation is reconstructing, solution preserving
and backwards symmetry invariant, but not necessarily forwards symmetry invariant.

Proof of Proposition 18. Let 7 be a naive totalizer transformation, mapping (P, V,G) to
(P, V', id) where P’ is the result of applying the totalizer encoding to P and V'’ contains all of
the variables in P’. Last, define p, to be the function that maps each assignment o’ of V' to
the assignment « of V obtained by restricting o’ to the original PB variables. Every projected
solution of P’ is also a solution of P, and vice versa. Hence, 7 is reconstructing and solution
preserving. Assume o’ and 3’ are two projected solutions of P’ with o/ =g+ ’. Because
G’ = {id}, this can only be the case if o/ = ’. Hence we also have that p.(a) = p-(5'),
and as such that p, (o) =¢ p-(B’). Hence, 7 is backwards symmetry invariant.

It remains to show that 7 is not forwards symmetry invariant. Consider two assignments
o' and B’ of P’, where p- () =¢ p-(8') but ' # . If G’ = {id}, we have that o Z5 (.
Hence, 7 is not necessarily forwards symmetry invariant. <

» Lemma 19. When using the symmetry-aware totalizer transformation, symmetries of the
original PB problem are also projected symmetries of the resulting CNF problem.

Proof of Lemma 19. A permutation 7 € G is a V/-symmetry of P’ if for every V'-assignment
o' of P’, o can be extended to a solution of P’ if and only if m(a’) can be extended to
a solution of P’. Hence, we need to show that each permutation of an assignment to the
original PB variables indeed extends to a solutions of P’ if and only if the original assignment
extends to a solution of P’.

This is indeed the case, since each satisfying assignment of the original PB problem can
be extended to a satisfying assignment of the CNF problem by appropriately adjusting the
auxiliary counter variables. Similarly, each non-satisfying assignment of the original PB
problem cannot be extended to a satisfying assignment of the CNF problem, since the clauses
enforcing the cardinality constraint will not be satisfied after adjusting the counters. As a
result, we can safely preserve the original symmetry group G. |

» Proposition 20. The symmetry-aware totalizer transformation is reconstructing, solution
preserving, backwards symmetry invariant and forwards symmetry invariant.
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Proof of Proposition 20. Let 7 map (P,V,G) to (P',V',G’ = G) where P’ is the result of
applying the totalizer encoding to P, V' contains only the original PB variables, and G’ is
the group of V'-symmetries of P’. Following Lemma 19, we have that G is a subgroup of the
projected symmetries of P’, and hence it is safe to define G’ = G. Last, define p, = id.

First, note that every projected solution of P’ (i.e., every assignment to the original PB
variables that can be extended to a solution of P’) is also a solution of P, and vice versa.
Hence, 7 is reconstructing and solution preserving.

Assume o’ and ' are two projected solutions of P’ with o/ =g+ 8’. Because G’ = G and
pr = id, we also have that p.(a') =¢ p-(8'). Hence, 7 is backwards symmetry invariant.

The opposite direction follows similarly. Hence, 7 is also forwards symmetry invariant. <

» Lemma 23. When using the symmetry-aware BVA transformation, all symmetries of the
original problem are projected symmetries of the resulting problem.

Proof of Lemma 23. We need to show that each permutation 7= € G, is also a V-symmetry
of P’, where P’ is the result of applying BVA pre-processing to P. This holds if for every
V-assignment o’ of P/, o’ can be extended to a solution of P’ if and only if 7(a’) can be
extended to a solution of P’.

This is the case, since each satisfying assignment of the original problem can be extended
to a satisfying assignment of the problem after the BVA transformation, by appropriately
setting the auxiliary variable introduced by the pattern replacement. Specifically, if in the
original assignment a variable captured by the x, variables is set true, a should be true
as well, if a y,, variable is true a should be set to false. This also prevents non-satisfying

assignments from becoming solutions. As a result, we can safely preserve the entire group
G. |

» Proposition 24. Symmetry-aware BVA transformations are reconstructing, solution pre-
serving, backwards symmetry invariant and forwards symmetry invariant. Naive BVA
transformations are reconstructing, solution preserving and backwards symmetry invariant,
but not necessarily forwards symmetry invariant.

Proof of Proposition 24. This proof is similar to the proofs for Proposition 18 and Proposi-
tion 20, using Lemma 23 instead of Lemma 19. |

» Lemma 26. When using the symmetry-aware sum decomposition, all symmetries of the
original problem are projected symmetries of the resulting problem.

Proof of Lemma 26. We need to show that each permutation 7 € G, is also a V-symmetry
of P’, where P’ is the result of applying the prefix-sum decomposition to . This holds if for
every V-assignment o of P’, ¢’ can be extended to a solution of P’ if and only if 7(a’) can
be extended to a solution of P’.

This is the case, since each satisfying assignment of the original problem can be extended
to a satisfying assignment of the problem after decomposition, by assigning the appropriate
values to the sum variables s;. Concretely, each s; should equal its partial sum. As a result,
we can safely preserve the entire group G. <

» Proposition 27. The symmetry-aware prefiz-sum decomposition is perfect, while the naive
prefixz-sum decomposition is reconstructing, solution preserving and backwards symmetry
invariant, but not necessarily forwards symmetry invariant.
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Proof of Proposition 27. This proof follows the same structure as the proofs of Proposi-

tion 18, Proposition 20, and Proposition 24, with Lemma 26 replacing the lemmas used

therein. |
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